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ABSTRACT 
The two-phase flow of a liquid and its vapor in cir­
cular ducts is analyzed by writing a continuity equation for 
each phase, a steady-flow energy equation for each phase, 
and a momentum equation for each phase using the one-
dimensional flow approach. Because the flow is in the mix­
ture region, the introduction of equation of state relation­
ships to eliminate the fluid properties in terms of a single 
variable complicates the equations; and the desirability of 
using a graphical approach is indicated. Furthermore, it is 
shown that with the elimination of the fluid properties from 
the equations there are only six equations but seven unknown 
basic variables of the flow: pressure, P, liquid velocity, 
V_, vapor velocity, V , quality, q, area ratio factor, B, an 
X g 
irreversible work term on the liquid-vapor interface, W, and 
a thrust term acting on the liquid-vapor interface, F. Thus, 
a complete analytical solution is not possible using only the 
simple one-dimensional flow approach. 
It is shown that the area ratio factor, B, is intimately 
associated with the wall shear stress or wall friction. 
Therefore, it appears that the additional information required 
for a complete solution must be obtained by experiment. Ex­
perimental data are needed to provide correlations for the 
variation of area ratio factor, B, and the vapor velocity, 
V , with pressure drop. It is noted that as the wall shear 
O 
iv 
stress adjusts according to the intensity of the thrust of 
the vapor phase acting on the liquid-vapor interface, ex­
perimental correlations of area ratio and vapor velocity 
0 
data must include an equivalent length-diameter ratio, . 
For small values of, — , it appears that the relative 
roughness of the duct will be a significant factor. 
A criterion for critical flow is obtained by a Second 
Law of Thermodynamics analysis of the two-phase flow. The 
criterion yields a critical outlet pressure, Pq, in terms of 
an incipient evaporation pressure, P^. It is shown that for 
critical flow conditions the liquid-vapor expansion curve at 
the duct outlet must be tangent to an isentropic expansion 
curve and that the velocity of the vapor phase at the duct 
outlet must be equal to the sonic velocity. The criterion 
is valid for all fluids, all line configurations, all pres­
sures in the mixture region, and all modes of two-phase flow. 
The application of the criterion is limited only by the as­
sumptions used in deriving it. These are: 
1. The flow of both phases is steady. 
2. The vapor and liquid phases are separated and 
continuous. 
3» The flow is in thermodynamic equilibrium. 
ij.. The one-dimensional flow approach is valid. 
5. The vapor phase is thermally insulated from 
the environment. 
V 
Because the criterion yields a slope condition, it is 
difficult to apply accurately; and the construction of 
critical outlet pressure, PQ, vs incipient evaporation 
pressure, P^, curves should be checked with experimental 
data. The construction of a critical outlet pressure-
incipient evaporation pressure curve for the adiabatic flow 
of water covering the incipient evaporation pressure range 
of 8 to 152 psia is explained. The application of the cri­
terion to non-adlabatic flows and the effect of heat addi­
tion on the critical outlet pressure, P^, and quality, q, 
is illustrated. 
vi 
NOMENCLATURE 
Tht» foot, pound mass, pound force, degree Fahrenheit, 
British thermal unit, second system of units is employed 
throughout this thesis. This system will cause no confusion 
if a proportionality factor equal to — , where g is the 
acceleration of gravity, is included in the mathematical 
formulation of Newton's second law. In addition, with the 
understanding that the heat and work terms are measured in 
consistent units, the derivation of all equations is simpli­
fied by omitting the proportionality factor, J, where 
_ 77e 26 -P+- \k> 
J 
~ 1 B tu. 
The following nomenclature is used: 
A Cross-sectional area of duct or pipe, sq ft 
B Ratio of cross-sectional area for liquid flow to 
cross-sectional area of duct, ^ 
C Constant in Martinelli1 s empirical equation for 
friction factor 
c Specific heat, Btu per (lb)(deg F) 
D Diameter of pipe or duct, ft 
e Energy factor in the White and Huntington 
correlation 
F Force on liquid-vapor interface, lb 
f Friction factor 
vil 
G Mass velocity, ^  , lb per (sec)(sq ft) 
g Acceleration of gravity, 32.17 ft per (sec)(sec) 
Head differential in Darcy formula, ft 
h Enthalpy, Btu per lb 
C-p 
k Ratio of specific heats, 
JL Length of duct or pipe, ft 
N Liquid volume fraction in Johnson's pressure 
drop correction for compressible flow 
n Exponent of Reynolds modulus in the Blasius 
expression for friction factor, Martinelli 
correlation 
P Pressure, psi or psf: Absolute, psia or psfa 
Q Heat per weight flow, Btu per lb of fluid flowing 
q Quality, per cent vapor by weight 
S Flow modulus in the White-Hun ting ton correlation 
s Entropy, Btu per (lb)(deg F) 
T Temperature, deg F 
V Velocity, fps 
v Specific volume, cu ft per lb 
W Work per weight flow, ft-lb per lb of fluid flowing 
f Density, lb per cu ft 
tw Wall shear stress, psi 
MJ Absolute viscosity, lb per (sec)(ft) 
Weight flow, lb per sec 
viii 
Dimsnsionless Moduli î 
oc Flow-type modulus, , Martinelli correlation 
Flow-type modulus, , Martinelli correlation 
4: 
X Two-phase flow modulus, Martinelli correlation 
$ Ratio of two-phase pressure drop to a single-phase 
pressure drop, Martinelli correlation 
R Reynolds number, 
E Euler number, 3.^%^ 
M Mach number, 
Subscripts 
f Liquid phase 
g Vapor or gas phase 
h Hydraulic dimeter, Dfa = * 
i Section of flow where evaporation is incipient 
0 Pipe or duct outlet 
p Constant pressure process 
s Sonic velocity, Vg 
TP Two-phase pressure drop 
v Constant volume process 
w Wall 
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INTRODUCTION 
The Moody paper (23)* summarizes the present knowledge 
on the flow of fluids in pipes. The paper is concerned 
with a discussion of the Darey formula, 
and the selection of the appropriate friction factor, f, 
from the Stanton diagram, i.e. a plot of f vs. Reynolds num-
Of principal concern here are the limitations placed on the 
Darcy formula - Stanton diagram method for finding the pres­
sure drop or head loss, H^, of a pipe fluid flow system. 
These restrictions are enumerated by the discussers Rouse, 
Daugherty, Pardee, et al of the paper: 
1. The pipe is long and straight. 
2. The fluid velocity is low compared to the 
acoustic velocity. 
3. The fluid is a true liquid or gas, i.e. 
does not have thixotropic properties. 
I4.. The fluid is of a single phase. 
5. The flow is adiabatic. 
*Numbers in parentheses refer to the Literature Cited. 
2 
6. The pressure drop is small. 
There are many flow problems involving fluids that do 
not satisfy the fourth restriction. These problems may be 
divided roughly into three broad categories on the basis of 
the physical composition of the fluid: 
1. Solid-fluid. 
a) Solid-liquid. 
b) Solid-gas. 
2. Liquid-gas where the liquid and gas are 
different substances. 
3. Liquid and its vapor or more generally a 
mixture of liquids and their vapors. 
In pipe flow problems involving solids suspended in a 
gaseous or liquid fluid the weight of solid transported com­
pared to that of the fluid is usually small; however, this 
is not necessarily the case. In the so called aerated or 
fluidized systems the weight of solid transported compared 
to the weight of fluid can be very high. Generally, however, 
when the weight of the solid present is large, the solid is 
not transported and the flow is through fixed beds. Systems 
involving solid-fluid flow are becoming increasingly impor­
tant in industry, and consequently a considerable effort is 
being put forth investigating them. 
Flow systems that comprise liquid and gaseous components 
not of the same substance can be divided according to whether 
or not there is a temperature gradient between the components. 
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A system possessing a temperature gradient between the two 
phases would appear to present difficulties to investigators• 
Nevertheless, these systems are also beginning to receive 
the attention of investigators. 
The investigation covered here belongs to the last cate­
gory, the flow of a liquid and its vapor. This type of flow 
system is characterized by the liquid flowing at its satura­
tion pressure, so that, for each increment of pressure drop 
due to friction and momentum change, a fraction of the liquid 
evaporates. Figure 1 is a schematic diagram of the longitudi­
nal section of a pipe carrying an evaporating fluid. At sec­
tion 1 the fluid is all in the liquid state and at a pressure 
higher than the saturation pressure corresponding to its tem­
perature. As the fluid flows along the pipe from section 1 
to section i frictional effects cause an incremental pressure 
f? 
T, 
o 
Pc 
o 
% 
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Figure 1. Schematic diagram of two-phase flow. 
k 
drop for each increment of pipe length until at section i 
the pressure is equal to the saturation pressure of the fluid. 
As the fluid flows from this point to the outlet of the pipe, 
section 0, each Incremental drop in pressure due to friction 
and momentum change causes a fraction of the liquid to evapo­
rate. Thus, from section i, the point where evaporation is 
incipient, to the outlet of the pipe, the flow comprises the 
liquid and vapor states; and furthermore the percentage, or 
quality, of the vapor present increases as the fluid flows 
down the pipe. The velocities of the liquid and vapor phases 
of the fluid are not equal and are continuously changing as 
the fluid flows from section 1 to the outlet of the pipe. In 
addition, the properties of both phases, liquid and vapor, 
also change. 
The system may be adiabatic, i.e. no heat flowing across 
the pipe wall, or non-adiabatic, i.e. heat flowing across the 
pipe wall. A non-adiabatic system may be isothermal, i.e. 
constant pipe wall temperature, or non-isothermal. The adia­
batic system by its very nature must be non-isothermal. Thus, 
true adiabatic systems are probably not very common. Never­
theless, many systems closely approximate the adiabatic case. 
The fluid may have only one component, or it may have several 
components. A boiling water cooling system is an example of 
the former. Crude oil flowing through a furnace coil is an 
example of the latter. 
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There are many examples of evaporating fluid flow sys­
tems. For illustration a few common examples are noted: 
1. Power station high-pressure feedwater heater 
drain lines. 
2. Refrigeration pipe-coil evaporators. 
3. Furnace and boiler tubes. 
4e Boiling water reactor cooling systems. 
S>. Rocket engine cooling systems. 
6. Boiler blowdown lines. 
It has been observed experimentally that there is a critical 
flow, i.e. a flow that is not changed by a reduction in the 
outlet pressure of the pipe, associated with evaporating 
fluid flow systems. Further, it has been observed that in 
general the second and sixth conditions for the validity of 
the Darcy formula, i.e. the fluid velocity is low compared 
to the acoustic velocity and the pressure drop is small, are 
not necessarily satisfied. 
In spite of the many applications of evaporating flow 
systems little is known about evaporating flow phenomena. A 
rational approach for designing evaporating flow systems has 
not been available, and they have been designed largely on 
the basis of experience. Correlations of experimental data 
have ignored the fact that the vapor is compressible and that 
there Is a critical flow associated with the flow of a liquid 
and its vapor. In particular a criterion for predicting the 
conditions for critical flow has not been available. In this 
6 
thesis the compressibility effects of the vapor are investi­
gated, and a criterion for predicting critical flow is derived. 
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REVIEW 0? LITERATURE 
Since 1939 considerable effort has been expended gather­
ing experimental data, classifying modes of flow, proposing 
theories, and developing correlations for two-phase flow. 
For the most part investigators have been content to consider 
incompressible adiabatic flow in horizontal pipes with low 
pressure drops and constant quality, i.e. constant per cent by 
weight of the vapor (gas) flowing. For flows where the flow 
is compressible, the pressure drop large, and the quality 
varying, investigators have generally recommended that the 
results obtained for incompressible, low pressure drop, and 
constant quality flow be applied in a step-wise approximation. 
Procedures for the design of mechanical equipment in­
volving two-phase flow have for the most part assumed the 
fluid to be a homogeneous mixture of average specific volume, 
rv - a-%) njrp + 3 
where q is the quality. Design procedures based on imcompress-
ible flow and compressible flow have been formulated utilizing 
this assumption (9, 16). On the other hand, the correlation 
for two-phase flow proposed by Martinelli and coworkers (17) 
has become increasingly popular as a basis for design proce­
dures for pipe lines. 
Boelter and Kepner (i+) presented data for the flow of oil-
air mixtures in 1/2-in. and 3/%-in. nominal size pipe. Oil 
8 
flow rates varied from 0 to 216 lb per hr and air flow rates 
from 18 to 100 lb per hr. Runs were made at air pressures 
ranging from 20 to 50 pslg. They found that wetting the 
walls of a pipe with oil increased the pressure drop for air 
flow approximately 15 per cent. They did not correlate their 
data but theorized that the two-phase pressure drop would be 
a function of a Reynolds number for the oil, a Reynolds num­
ber for the gas, a Proude number for the oil, a Weber number 
for the oil, and a single-phase pressure drop for either the 
oil or the air flowing alone in the pipe. 
McAdams and coworkers (21) investigated the flow of 
evaporating liquids in horizontal tubes. They obtained heat-
transfer and pressure-drop data for the evaporating flow of 
benzene, lubricating oil, and water. They observed stratified 
flow, slug flow, and intimate mixture flow. They assumed for 
their pressure drop calculations: 
1. The vapor and liquid were flowing at the same 
velocity. 
2. The volume occupied by the liquid was negligible 
compared to that occupied by the vapor. 
3. The wall shear stress, Z:w , could be correlated 
by an equation of the Darey type without allow­
ance for any wall traction resulting from 
vaporization. 
They expressed their results for pressure drop in terms 
of an apparent friction factor which was calculated on the 
9 
basis of these three assumptions. They observed that they 
obtained abnormally low values of the friction factor for low 
qualities, q, and attributed this to the error introduced by 
the assumption that the liquid was flowing at the same veloci­
ty as the vapor. They concluded that apparently at low quali­
ties the liquid phase travels at only a fraction of the 
velocity of the vapor. 
Benjamin and Miller (2) investigated the adiabatic flow 
of evaporating water in high-pressure feedwater heater drain 
lines. They obtained data for 1). and 6-in. operating lines 
at the Conners Creek Power Plant. They analyzed their results 
by assuming no slip between phases and by writing a continuity 
equation and a momentum equation for the flow. They computed 
specific volumes by assuming the flow to be isentropic, and 
they pointed out that for specific volume calculations there 
was little error introduced in this assumption. They pre­
sented their results as computed friction factors. 
Davidson and coworkers (8) made studies of heat-transfer 
rates and pressure drops in steam-generator tubes at pressures 
from 500 to 3300 psig. They observed that the pressure drop 
was larger for two-phase flow than for single-phase flow. 
They analyzed their data by assuming no slip between phases 
and incompressible flow. Results were presented as calculated 
friction factors. 
The first correlation for two-phase flow was published 
by Martinelli and coworkers (17) in a pioneering paper in t?)|)|-
10 
Martinelli and coworkers obtained a large body of experi­
mental data for adiabatic two-phase flow in horizontal pipes. 
Pipe diameters varied from capillaries to 1-in. diameter 
tubing. The fluids used were water and air, kerosene and 
air, and oil and air. 
They proposed a correlation based on the following two 
postulates : 
1. The pressure drop of the liquid phase and that 
of the gas (vapor) phase are both equal to the 
pressure drop of the mixture flowing. 
2. The volume occupied by the liquid phase plus the 
volume occupied by the gas (vapor) phase equals 
the pipe volume. 
By the first postulate they were able to express the 
two-phase pressure drop in terms of the single-phase pressure 
drops of both the liquid and gas (vapor) phases using Panning 
or Darcy equations. 
Thus : 
, fr 
* D, 29 ' 
and 
Dg £<3 
where Df and D are the hydraulic diameters of the liquid 
O 
and gas (vapor) phases. For a simple cylindrical flow pat­
tern they noted that 
11 
holds where here D Is the hydraulic diameter and A is the 
cross-sectional area of the flow. For the more complex two-
phase flow patterns they assumed that the following relation­
ships would hold: 
where and |5 are ratios of the cross-sectional flow area 
took B equal to 1 and assumed that any error introduced by 
this assumption would reflect in the value of which they 
left as an unknown to be determined experimentally. 
They eliminated the friction factors from the two-phase 
pressure drop relationships by expressing the friction factor 
in a generalized Blasius form: 
for each phase. They took n and C as constants which depended 
only on the mode of flow. Thus, they postulated four modes 
of flow: 
to circular areas of diameters Df and D respectively. They 
^ g 
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1. The flow of both the liquid and the gas turbu­
lent (CL = C = 0.1814-, and n_ = n = 0,2). f g i g 
2. The flow of the gas turbulent and the flow 
of the liquid viscous (C^, = 61]., Cg = 0.181|, 
nf = 1, ng = 0.2). 
3. The flow of both the liquid and the gas viscous 
(Of = Cg = 61+, and nf = ng = 1). 
4.. The flow of the gas viscous and the liquid tur­
bulent (Cf = 0,181)., Cg = 6I4., n^ =s 0.2, ng = 1). 
Their experimental data covered the first two modes of 
flow. Using the appropriate C and n constants and employing 
their second basic postulate they were able to combine the 
two-phase pressure drop relationships and the Biaslus ex­
pressions for the friction factors to obtain a relationship 
for the two-phase pressure drop. 
(tx)T(= = (S)3 [' +c<Vx] = (fEl, 
The term is the pressure drop if only the gas is flow­
ing. The term X is a function involving the ratios of the 
properties of the fluids. The exponent Y was I/I4. for turbulent-
turbulent flow and 1/2 for the gas phase turbulent and the 
liquid phase viscous mode of flow. Using their experimental 
data they plotted as a function of JX for these modes of 
flow. The accuracy of their results was roughly plus or 
minus 30 per cent. 
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Martinelli and Lockhart (18) presented data for the third 
mode of flow, viscous-viscous, and showed that the two-phase 
pressure drop was also equal to 
(H)tp • (2î)f 
where (^xlp is the pressure drop if only the liquid is flow­
ing. In a later paper Martinelli and Nelson (19) extended 
the Martinelli-Lockhart correlation to boiling water flowing 
in tubes and analyzed the data of Davidson et al (8). As the 
condition that the quality, q, is constant is inherent in the 
Martinelli correlation, the application of the correlation to 
evaporating fluids involves a step-wise approximation and the 
results were less satisfactory. 
Not all investigators of two-phase flow were satisfied 
with the Martinelli correlation. Bergelin and Gazley (3) 
thought that the Martinelli correlation was such that it 
tended to reduce the spread of the data and suggested that a 
plot of vs or X vs would be more suitable be­
cause was directly proportional to the two-phase pres­
sure drop# This would indicate an error, however, of plus 
or minus 50 per cent instead of plus or minus 30 per cent. 
Levy (llj.) gave a theoretical analysis of annular two-
phase flow based on idealized geometry of concentric cylin­
drical tubes with the gas phase flowing in the centermost 
tube and the liquid phase flowing in the annulus between the 
tubes and confirmed Martinelli's choice of parameters. His 
34 
theory predicted pressure drops approximately 20 per cent 
lower than the Martinelli correlation. He attributed this 
discrepancy to the idealized geometry he assumed for the 
annular flow pattern and to the assumption of constant prop­
erty conditions. 
Schweppe (27) obtained heat-transfer and pressure-drop 
data for the non-adiabatic, two-phase flow of evaporating 
water in short-vertical tubes. He observed a critical flow. 
He analyzed his pressure-drop data assuming no slip between 
the phases. He established a criterion for critical flow by 
maximizing the derivative of the mass velocity, G = j-, with 
respect to the outlet pressure, Pq, overlooking the fact that 
for constant cross-sectional area and steady flow dG is always 
equal to zero. 
Burnell (6) obtained data for the flow of evaporating 
water in pipes. He observed that there was a critical flow 
which was relatively insensitive to any further reduction in 
back pressure on the pipe outlet. From his analysis he con­
cluded that the vapor must flow at a higher velocity than the 
liquid. 
Dinning (15) investigated the adiabatic flow of boiling 
water through tubes and developed an annular compressible 
flow theory to explain his results. His tube diameters were 
small, the tubes being only 0.128-in. and 0.06-in. in diameter. 
He postulated that the flow was in thermodynamic equilibrium, 
i.e. the fluid was at the saturation temperature corresponding 
15 
to Its pressure, the pressure constant across any section 
normal to the flow, and the mean velocities on the basis of 
continuity, energy and momentum equal. On the basis of these 
postulates he developed a theory for annular compressible 
flow by: 
1. applying the continuity equation to each 
phase, 
2. writing a steady-flow energy equation between 
the section where evaporation is Incipient 
and any other section, 
3. writing a momentum equation for the complete 
fluid, 
4» writing a momentum equation for the liquid 
phase, and 
5* writing a steady-flow energy equation for the 
vapor phase. 
In writing his equations he considered the drag force on 
the interface between the liquid and vapor phases and the 
resulting irreversible work but did not recognize the exist­
ence of a thrust component of force acting on the interface 
due to the expansion of the vapor. He assumed that for the 
purposes of calculating the quality, q, the flow could be con 
sidered a constant enthalpy expansion. However, he also as­
sumed that for a small increment length of tube the variation 
of the volume flow of the liquid was negligible and applied 
16 
the results of this assumption in a step-wise approximation 
to the flow. 
Unfortunately the second assumption denied the first as 
is easily shown by writing a continuity equation for the 
liquid phase. 
~ Vp. 
In accordance with Linning's second assumption 
^ Vp = CONST j 
and thus 
2; ( i - %) = const 
For steady flow in pipes 
A 
thus 
uu 
—• =<5a = CONST, 
(l-q.) = CON5T, 
_ , CONST 
or 
Linning discovered that these two assumptions with the 
six equations obtained from continuity, energy, and momentum 
considerations did not define the flow and that he was re­
quired to obtain additional information from experiment. 
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This he chose to represent as an interface-velocity ratio, 
, the ratio of the mean velocity of the particles on the 
vp 
interface between the phases to the liquid velocity. He 
treated the interface-velocity ratio as a constant and found 
it to be equal to 1.2 for his experiments. He was able to 
predict his results very accurately, but in considering the 
data of Burnell (6) on larger diameter pipes his analysis 
predicted outlet pressures roughly 10 per cent too high. 
Linning postulated that the criterion for critical flow 
was a state that rendered the continuity, steady-flow energy, 
and momentum equations incompatible and stated that this was 
equivalent to setting the derivative of the mass rate of 
flow with respect to any variable of the flow equal to zero, 
i.e. maximizing the flow with respect to any variable of the 
flow 
S: - <=• 
He was not able to show why this would be so, and he failed 
to recognize that for steady flow in pipes or tubes the dif­
ferential du-» is always equal to zero. 
Buchberg and coworkers (5) obtained heat-transfer and 
pressure-drop data for evaporating water in a heated l/lj.-in. 
by 25-in. long tube at pressures up to 2500 psia. They ob­
served that with the initiation of boiling in the tube the 
pressure loss increased rapidly with increasing heat flux 
and that the pressure loss increased more rapidly at the 
18 
lower pressures. They attributed this increase in pressure 
loss to the characteristically higher pressure loss accom­
panying two-phase flow and to the fact that the length of the 
heating tube increased with increasing heat flux. 
Van Wingen (28) compared field-flow data taken for 3-in. 
well-head gathering lines with the Martinelli correlation. 
The lines ranged in length from I|25 to 3000 ft. Approximate 
flows varied from 770 to 15,700 lb per hr and the gas-oil 
ratios from 3.8 to 35 cu ft of gas per lb of oil. Pressure 
drops varied from approximately 1 to 20 psig per 1000 ft of 
line. He found that although there was considerable scatter­
ing of the data it generally fit the Martinelli correlation 
at low rates of flow and diverged considerably at the higher 
rates of flow with the Martinelli correlation predicting the 
higher pressure drops. 
Abramson (1) investigated annular flow for film cooling. 
Injecting water in a fast moving air stream, he was able to 
wet the walls of the duct with a very thin film of water. 
Assuming the same velocity distribution in the film as for 
fully developed flow and using friction factors determined 
by extrapolating the Lockhart and Martinelli data, he calcu­
lated the film thickness to be between 0.005 and 0.0005 in. 
with corresponding velocities of 10 to 35 fps. The veloci­
ties of the liquid surface disturbances were measured from 
high-speed motion pictures and agreed closely with his 
calculated values. He concluded that, for annular liquid 
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flow with co-current gas flow, the liquid flow is relatively 
smooth until the liquid flow rate is sufficient for the thick­
ness of the liquid annulus to enter the flow region where the 
turbulent forces predominate over the viscous forces. 
Johnson and Abou-Sabe (10) reported heat-transfer and 
pressure-drop data for the two-phase flow of air and water 
through a horizontal 1-in. diameter by 15-ft long brass pipe. 
Flow rates covered the range of 1000 to 15,000 lb per hr for 
the water and 0 to 200 lb per hr for the air. Plows were in 
the turbulent-turbulent range and were correlated using the 
Lockhart-Martinelli correlation. Total two-phase pressure 
drops across the tube varied from approximately 1 psig to 28 
pslg. They assumed the flow incompressible and the phase 
changes negligible for all flows. In a discussion of the 
paper C. V. Sternling and C. E. Sanborn pointed out that the 
flow was more likely to be compressible at least at the higher 
air-water flow rates and that heat addition to a saturated 
air-water mixture involves mass transfer. 
In a second paper (11), Johnson gave additional heat-
transfer and pressure-drop data for the two-phase flow of oil 
and air in a 3/4.-in. diameter by 15-ft long copper pipe. 
Plow rates were from 0 to 280 lb per hr for the air and 700 
to 5000 lb per hr for the oil. Two-phase pressure drops 
varied from 0 to 16 psig. He considered the flow steady and 
compressible and corrected for pressure drop due to momentum 
change using the relationship 
20 
nf; \ fg g 
where G- and G are the mass velocities of the liquid and gas 
6 
phases calculated using the cross-sectional area of the pipe. 
Nj, is by definition the liquid volume fraction. It is equal 
to the ratio of the actual liquid cross-sectional area to the 
pipe cross-sectional area. Johnson expressed in terms of 
the mass flow rates : 
Nf> — I ~ N <3 
Uw>.p-
OU r- 4 CUc. (jp 
For the purposes of calculating he took 
v, = 1 • 
Thus, he was able to calculate the momentum correction from 
the mass flow rates and the properties of the liquid and gas 
components of the flow. Pressure drops due to frictional 
effects were calculated using the Martinelli correlation. 
He obtained a maximum deviation of plus 50 per cent between 
his calculated and observed pressure drops. 
In 1955 two new correlations for two-phase flow were 
proposed, one by White and Huntington (29) and the other by 
Chenowith and Martin (7). White and Huntington approached 
21 
the problem from the Incompressible flow point of view and 
associated the increased pressure drop for two-phase flow to 
the following: 
1. The introduction of a second phase in the 
same pipe causes a reduction in the available 
flow area to both phases. 
2. The gas loses energy in accelerating and 
transporting the liquid. 
3. There is irreversible work done on the liquid 
by the gas that results In waves and ripples 
on the interface between the phases. 
They took experimental data of gas-liquid flows through 
1-, 1 1/2-, and 2-in. transparent Kraley plastic tubing for a 
test section 70 ft long. Fictitious mass velocities were 
defined for the liquid and gas phases based on the pipe diam­
eter. Their data generally covered the range of gas mass 
velocities, G^, from 0 to 10,000 lb per (hr)(sq ft) and liq­
uid mass velocities, Gf, from 0 to 80,000 lb per (hr) (sq ft). 
Flow patterns were observed visually, and a 16-mm color 
movie was made to illustrate the patterns observed. They 
classified flows as follows: 
1. Stratified flow: A flow characterized by a 
smooth undisturbed interface between phases. 
2. Ripple flow: A flow characterized by the 
interface between phases being disturbed by 
ripples. 
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3. Slug flow: An unsteady flow characterized 
by slugs of liquid completely closing the 
pipe. 
I4.. Wave flow: A flow characterized by the 
interface between phases disturbed by deep 
waves. 
5. Cresting flow: A flow characterized by the 
interface between phases disturbed by un­
steady waves with feathery crests. 
6. Semi-annular and annular flow: A flow char­
acterized by the gas flowing generally 
through a core made by a liquid annulus. 
They defined these modes of flow as general regions on 
a graph of the fictitious mass velocity of the gas, G^, vs 
the fictitious mass velocity of the liquid, G^. 
They defined an energy factor 
= g. «3 fV 
j2_ , 
<_u £ 4- eu <5 
and a flow modulus 
5 = cs,)' * ( % )  xi.°-'x if. 
Using these parameters they succeeded in correlating their 
data within plus or minus 17 per cent. How these parameters 
were developed was not fully explained. 
Chenoweth and Martin (7) took the incompressible flow 
point of view and assumed that a step-wise solution could be 
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used to account for condensation or vaporization. Only pres­
sure drop due to friction was considered. They recognized 
that there would be a contribution due to compressibility 
effects but did not consider it in their analysis. The in­
crease in pressure drop on the introduction of a second phase 
was attributed to the reduction in cross-sectional area avail­
able for flow for the one phase on the introduction of the 
second, the roughness of the interface between phases, and the 
intense turbulence created by the introduction of the second 
phase. 
They classified modes of flow in order of increasing gas 
flow as bubble flow, plug flow, layered flow, wavy flow, slug 
flow, annular flow, and misting flow with the transition from 
one mode to another being gradual and not sharply defined. 
Their experimental work comprised measuring pressure drops 
for water-air mixtures for 1 1/2-in. and 3-in. test sections 
SO ft long. They made 2l|.0 isothermal runs with liquid flow 
rates from 100 to 31,600 lb per hr and gas flow rates from 
56 to 3,l60 lb per hr. Runs were made at 18 psia and 100 psia. 
Chenoweth and Martin correlated all of their data within 
plus or minus 50 per cent and 92 per cent of their data within 
35 per cent with a family of curves plotted on a 
vs liquid volume fraction diagram. The liquid volume fraction 
was calculated from the flow rates and densities of the two 
phases. The all liquid pressure drop, , was calculated 
from the total mass flow, (oj^ +-uu^) , and the properties of 
2k 
the liquid; and the all gas pressure drop, A F| , was 
calculated from the total mass flow and the properties of the 
gas. Thus, they obtained : 
They obtained friction factors from the Moody chart (2lj.) using 
Reynolds numbers calculated on the basis of the sum of the 
flow rates and the physical properties of the phase considered. 
They were able to correlate their data for the low-pressure, 
small-diameter runs within plus 28 per cent and minus I4.9 per 
cent using the Martinelli correlation (17). However, they 
found that the Martinelli correlation predicted pressure drops 
for the 3-in. diameter-100 psia runs too high by a factor 
ranging from l.lj. to 2.5* 
Sabersky and Mulligan (25) reported an experimental in­
vestigation that was conducted to determine whether or not 
there was a fundamental relationship existing between the 
friction and heat-transfer coefficients in the region of nu­
cleate boiling with forced convection. Tests were carried 
out with distilled water flowing through a 3/8-in. diameter 
tube. 
From their test data they calculated local friction and 
heat-transfer coefficients. Although a plot of these showed 
considerable scatter, a trend was indicated by the Reynolds 
f<a ff 
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analogy. They concluded that the effect of bubbles was a 
hydrodynamic one leading to an increase in heat exchange as 
well as momentum exchange. 
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DERIVATION OF EQUATIONS DESCRIBING THE FLOW 
In deriving the equations describing the flow the one-
dimensional approach is taken. This is justified largely on 
the basis of the simplification that it effects and on the 
fact that for flow in long straight pipes experience has 
shown it to be a good approximation. Inherent in the one-
dimensional approach are the assumptions that the changes in 
fluid properties normal to the flow are negligible compared 
to the changes in properties in the direction of flow and that 
the effect of turbulence on the mean properties is small. 
In addition to the assumption of one-dimensional flow 
the following assumptions are made: 
1. The pressure and temperature are constant 
over any plane normal to the flow. 
2. At each step of the flow the fluid is in 
thermodynamic equilibrium, i.e. the fluid 
is at the saturation temperature corre­
sponding to its pressure. 
3. The vapor and liquid phases are separated. 
J+. The wall surface of the pipe is wetted. 
5. The flow is steady. 
The principle of conservation of mass is applied to each 
step of the flow by writing the continuity equation for the 
liquid phase at any section, 
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- - X - % , 
and for the vapor phase at any section, 
-
B is defined as 
® ^ 
Equations 1 and 2 can be expressed in the differential forms : 
d<S = ch/f _ cWf , dB + d% 
and 
<3 vp te> 1 —•) 
dû _ dVq _ drtr-q _ d fe _ dq. 
c3 vg /v<j \ — 5a c^_ 
For steady flow, 
dcs =• o 
and the differential forms of the continuity equation are, for 
the liquid phase, 
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and for the vapor phase, 
The principle of conservation of energy, i.e. the First 
Law of Thermodynamics, is applied by writing steady-flow 
energy equations for the flow. The energy equation equates 
the heat and work effects to the changes in enthalpy and 
potential and kinetic energies of fluid between any two sec­
tions of the flow. If the pipe is horizontal or if the change 
in elevation is small, the change in potential energy may be 
ignored. Consider Figure 1. If one equates the energy flow­
ing in at section i to the energy flowing out at any other 
section, and accounts for the heat and work effects, one ob­
tains the following integral form of the steady-flow energy 
equation for the complete fluid : 
=» = M !-%>>>- h u  + <l-=p ^  
+ h* - hv + [ ^  - lig ] . (^1 
Alternatively, differential forms of the steady-flow 
energy equation are obtained by equating the heat and work 
effects to the changes in enthalpy and kinetic energy for 
the flow through a differential length of pipe dl. 
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Figure 2. Flow through a differential length of pipe . 
Consider Figure 2. When account is taken of the work, dW, 
done by the vapor phase on the liquid phase, there is obtained 
the following differential energy equation for the liquid 
phase: 
LU ( olQ. 4-dw ) = Cu f| ~<^Rd<^) Ch^ 4dhf ) + ^  d<^L hcj ~ <-0 (1 - <q.) hf 
+GU (l 4d( )J _to ci-^-) z^+uj 
do. = ( i- =}.)<dhf +v)^«=(<^ 4 (i-
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In a similar way one obtains the following differential 
energy equation for the vapor phase: 
-^w = %dh<3 + ^ d( ) + ( sj ~ â^w-
A differential form of the steady-flow energy equation 
can be obtained for the conplete fluid by adding equation Ij. 
and 5 or by considering the flow of the complete fluid through 
the differential element of pipe shown in Figure 2 : 
In any case only two additional independent equations are ob­
tained by applying a First Law analysis to the flow: equations 
1+ and 5 or else either 1+ or 5 together with the integral form, 
equation 3, or the differential form, equation 6, of the steady-
flow energy equation for the complete fluid. 
Newton's second law of motion is applied by writing mo­
mentum equations for the flow, Consider Figure 1 again. 
One obtains an integral momentum equation for the complete 
fluid by equating the net force acting between two sections of 
the flow to the change in momentum the flow experiences between 
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the sections. Thus for section 1 and any other section the 
following equation is obtained: 
A(F-l- R) - twTroX = ^  + O <^>vp -V-] 
= ^ [3^ +o--vf]. 
If a friction factor is defined by the relationship (27), 
t _ if -l y&-
the wall shear stress, tw , can be eliminated from the equa­
tion and the integral momentum equation for the complete fluid 
obtained in the following form: 
^3 = f +- >^VF-vc| • 
Consider a differential length of pipe, dl, Figure 2. 
When the net force acting between two sections is equated to 
the change in momentum the liquid phase experiences between 
the two sections, there is obtained a differential momentum 
equation for the liquid phase, 
pa^- tpdaf - +dp)(af- +daf) - ttwo/aw + {=-
= ^ [(l-^-^KVp+dv^) 4- d^Vp -(\-^)V^ 
-af-c/p -iw daw + {="s ^0 - çj. ) dv-p 
-B dP - t w f ^  ^ ( I - dv^ 
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F is the thrust acting on the interface between the liquid and 
vapor phases. On eliminating the wall shear stress, "t-w, the 
foregoing equation becomes 
cs) 
Similarly, for the vapor phase, 
Pa cj V R=(Acj - ( F3 +<d R ) ( Acj +-ol Acj) - F~ 
= (v^+av^) - %vq - vpd^j 
-ac^dp- p - ^  ^dvt^ + - v^) <dc|_ 
- ( i~ b)c|p - ~ ^ ^dv<^ + ~ ( v<^~ vp ) c|çj_. (9) 
The thrust, F, comprises two component forces, a drag compo­
nent the vapor phase exerts on the liquid phase in the direc­
tion of flow, and a pressure component the vapor phase exerts 
on the liquid phase in a direction opposite to the flow. 
A differential form of the momentum equation can be ob­
tained for the complete fluid by adding equations 8 and 9 or 
by considering the flow of the complete fluid through the dif­
ferential element of pipe shown in Figure 2. 
-Ac(P 4wdAw = l- <^)avf 4 <=)v<3 + ^ (V^ - Vp) 
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Again, however, one obtains only two additional independent 
equations, equations 8 and 9, or alternatively, either 8 or 
9 with either 7 or 10. 
For a pure substance in the mixture region the tempera­
ture and pressure are not independent. Therefore, all the 
fluid properties can be represented by equation of state re­
lations of the type 
/V- = Far( M 
where v is a property and F^(P) is a function only of P. 
Thus, if Q, JI, D, G, and f are known or can be measured, and 
if a table of properties for the given fluid is available, 
there are only six independent equations, equations 1-a, 2-a, 
!}., 5, 8, and 9, for example, but seven unknowns, P, V , V„, 
S % 
B, q, W, and F. Furthermore, if the fluid properties are 
eliminated from the equations by using equation of state re­
lations of the type 
at - f/u- (p), 
the resulting expressions are complicated and the solution 
loses its generality. Therefore, in order to obtain a general 
solution using the simple one-dimensional approach, these 
difficulties must be resolved by either: 
1. obtaining additional relations through 
experiment, 
2. making simplifying assumptions, 
3K 
3. approximating the solution, or 
k* by a combination of 1, 2, and 3» 
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CRITERION FOR CRITICAL FLOW 
The Second Law of Thermodynamics is applied most con­
veniently to the flow by making use of the entropy principle, 
"The entropy of an isolated system increases or in the limit 
remains constant" (12, p. 88). 
s-f 
(l-c^)Cu 
<^.co 
F =  P + d P  
Figure 3a. Entropy changes for flow through a 
differential length of pipe. 
Considering Figure 3a and noting that the change in entropy 
for the complete fluid is equal to the sum of the changes in 
entropy of its separate parts, one obtains the following 
relationship: 
U;ds 4dsf) - ( , - qp u_, Sf-
+ +c|çp cu (-5^ - <^cu sg 
<d<5> 
~ + ( I- <^)d*5_p 4 4 
fl_o 
(i~ 
4-ci "Sr. 
(<q.4-ciq.)cu 
so^+dso 
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d"s = sç^<d<^. + ( i- <^)<ds.p +<^ds^ . (u) 
For a fluid having a temperature-entropy diagram of the 
form shown in Figure 3b it is noted that, in accordance with 
the entropy principle, with each increment pressure drop the 
flow must proceed along a process line similar to A-B until 
the state reaches a point such as point C where any addition­
al increment pressure drop will cause no further increase in 
entropy. At this point a decrease in pressure on the outlet 
of the pipe will not effect a change in the flow and the flow 
is termed "critical flow". 
Figure 3b. Temperature-entropy diagram for two-phase flow. 
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The criterion for critical flow is then: 
d 5 (CoMPLETE FLUID)  0  3  0 3-) 
or + (  I -  %) d-5)^ +  <% d  5^ =0.  (13) 
Equation 13 does not explicitly define a critical flow state. 
a single variable, P, for example, and thus one obtains a 
single relation in two variables P and q which can be satis­
fied for all values of P. But this is contrary to experiment 
for it has been observed that a critical flow state is a 
stable state (6, lf>). 
Applying the entropy principle a second time, one may 
choose 
If dSg = 0, one obtains the following relationship from equa­
tion 13 : 
In the mixture region s^ and s^ can be expressed in terms of 
<D SP = CD 
°
r <d <3^ = o. (14-) 
s^d^ + c i- = o 
lâ irs <=l&> (is*) d P Sfcj d R 
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Equation 15 defines the isentropic through the critical flow 
state on a q-P diagram. 
Equations 5 and 2-a may be combined to eliminate the 
differential dV , ^ 
-dw + 4-df]+d^l 4 " <lfc) 
For a pure substance in the absence of gravity, capillarity, 
electricity, and magnetism, 
-yd *=> = <1 h — d p • 
For critical flow 
Tds = <=t h -  /U~ <d F=> — CD )  
whence 
<d h — /irdP, 
Substituting in equation 16, one gets 
- d w = -v, dP +9 + =^[ 4 - ^ . • 
But, in accordance with the definition of a critical flow 
state, the flow does not change with a small increment pres­
sure drop and thus 
-dw = c  ,  
<d ES = o 5 
an^
 dq = o. 
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Thus, one obtains 
= -  ^  ^  
I -  X .  
jg • C.7J 
It can be shown that equation 17 is the condition for 
which the velocity of the vapor is the velocity of sound 
(12, pp. 318, 332). Thus, a second feature of the criterion 
for critical flow is that the velocity of the vapor phase at 
the state of critical flow is equal to the sonic velocity of 
the vapor at that state. 
^v^cr1ticau = (18) 
It is noted that for dsf = 0, 
and 55, s 
while for dsg = 0, 
and 
in3-
% ^  =_ 
r<3 
If the two conditions, ds^ = 0 and ds^ = 0 are equivalent, 
M) 
I _ <-% 
sf<^ 
c| sq 
d + 'f 
But 
<d s<* 
al *5f * + ¥ 
since Sg and s^ are not functions of q. Hence, the condi­
tions dSg = 0 and ds^ = 0 are not equivalent. If ds^ = 0 is 
the proper condition to choose to define the state of criti­
cal flow, then 
(y$) CR\T|C AL aV^OCITY OF SOUND, 
by reasoning similar to that employed when dSg = 0 was chosen 
for the condition. Now, it is observed that 
ol*5^ =- o 
is the proper condition to choose because the velocity of 
sound in the vapor phase is less than the velocity of sound 
in the liquid phase, and it has been noted experimentally 
that the vapor phase is moving at a higher velocity than the 
liquid phase (6). 
The criterion for critical flow does not insure or sug­
gest that critical flow is a maximum flow. 
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EXPERIMENTAL VERIFICATION OF THE 
CRITERION FOR CRITICAL FLOW 
The applicability of the critical flow criterion to a 
two-phase flow depends in the first instance on the validity 
of the assumptions used in establishing the criterion. 
These assumptions are: 
1# The flow of both phases is steady. 
2. The liquid and vapor phases are separated. 
3. The flow is in thermodynamic equilibrium. 
Lj.. The one-dimensional flow approach is valid. 
5. The vapor phase is thermally insulated from 
the environment. 
The steady flow assumption implies that each phase is con­
tinuous. 
The validity of these assumptions can be tested by a 
dimensional analysis study of the critical flow data given 
by Benjamin and Miller (2), Burnell (6), and Linning (15)• 
In making such a study, because the fluid properties and 
velocities are not constant along the duct, the standard 
dimensionless numbers can not be written for the complete 
flow but only for the flow at a particular section. Further, 
for any particular section, two dimensionless numbers of the 
same type may be written, one for the liquid phase and one 
for the vapor phase. This permits a variety of combinations 
to form new dimensionless numbers. Here, however, only the 
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ratios of similar dimensionless numbers are used to manu­
facture new dimensionless moduli. 
It can be shown (2ij., ppl65-l70) that the Reynolds num­
ber, 
V o 
nj- voc ~> 
is dimensionally equivalent to the ratio of the inertia 
forces to the viscous forces developed in an element of fluid. 
The Mach number, 
y_ 
is dimensionally equivalent to the ratio of the inertia 
forces to the compressibility forces. The Euler number, 
9 AT R 
v a 3 
is dimensionally equivalent to the ratio of the pressure 
forces to the inertia forces acting on an element of fluid. 
The ratio of a Reynolds number for the liquid phase to a 
Reynolds number for the vapor phase yields then 
/ I N E R T t A  V - P  ° - P  
_ IVISCOU'5 FoRCt/f _ 
~  /  I N E R T X A  F O R C E  \ ~ V9 p<3 
WlScTOUS poR.CE. /g 
-tes) M (&)(%>), 
1*3 
where the manner in choosing the characteristic lengths 
and D must be determined. The ratio of an Euler number for g 
the liquid phase to an Euler number for the vapor phase 
yields: 
^ - i' 
pressure. ror.ce. 
I M E FS.T- \ z<X F~<=> FLcZ E. 
F R.E.% %U PLC E.1 
\ Vsi H. v X\ F O F=L^E: I 
9 atp p 
_vp2l 
^ ajq f3 
v<^ 
( INERTIA FOR.CE.  
( IN  ER.T IA  FORCE 
zv"^. 
vf" 
The ratio of a Mach number for the liquid phase to a Mach 
number for the vapor phase gives: 
n^v? 
\NER.T l A  FoR.eE: 
CON^ p R . E S S \ & l L .lTY (="<=> R C E -
IN EL 'FLT \/X fo f=z.<r_ e. 
<=> t^\ PSES S I&ILI TY F<=> F5.<C E 
(v"â)f 
^3- ' 
(v<s)^ 
A logarithmic plot of !|? vs ^ will disclose, then, how 
the ratio of the inertia forces at a section of the flow vary 
with respect to the ratio of the viscous forces while a plot 
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of vs M.P will disclose how the ratio of the inertia 
forces varies with respect to the ratio of the compressi­
bility forces at a section. 
The dimensionless moduli 5Lf !=F and for the 
pipe outlet have been calculated for the critical flow data 
of Benjamin and Miller, Burne11, and Dinning in accordance 
with the criterion for critical flow, equals 1, and using 
the approximation 
= i %  °9) 
to calculate the quality, q. Equation 19 follows directly 
from equation 3 if it is assumed that 
czl =• <o 
and 
0-^) ^  ~ =  C D .  
These calculations are displayed in Table 5> of the Appendix. 
Two procedures have been used for calculating the ratio of 
the Reynolds numbers. The first, indicated by the symbol 
—-F , is based on the assumption that D_ and D are both 
^ f g 
equal to the pipe diameter. 
Hence Ï 
%  - 0 S H 3 8 K & ) .  
The second, indicated by the symbol , is based on the 
dl< 
the diameter of a circle of area A 
assumption that Df equals the pipe iameter and equals 
g 
Thus : 
(I- B)JA =• 
O g  =  ( \ -  E , ) " 5 .  O  
ma % = (ws) (âl) ( ® ) (f-^k 
Logarithmic graphs of vs ^=^and are shown in 
Figures I4. and 5, respectively. It is apparent that the plot 
vs Sf gives the better correlation. This correlation 
can be represented approximately by the equation 
- '.7 (iy:' 
Thus : 
and 
e _ »7 /^n2-
WF - \ JU.^J . 
Thus, the correlation reduces to a relationship between 
properties which permits an independent test of the theory 
and assumptions by which this relationship was obtained, viz, 
the criterion for critical flow and the flow assumptions it 
dictates. A plot of vs "77 ^  Figure 9, using tabular 
FU J-» 
data from Keenan and Keyes (13) and McAdams (20, p. 1+84) 
MJF 
shows that In the range of flow data analyzed, from 20 to 
30, vs is approximated by 
e = ^  7 f v-
(VF x / 
with only the slope being off. As the range of data analyzed 
is limited, no particular significance is attached to this 
slope variation. 
A logarithmic plot of vs is shown in Figure 6. 
It is noted that the data of Dinning, Burnell, and Benjamin 
and Miller are generally correlated in three bands. The ef­
fect of the viscous forces can be investigated along with the 
compressibility effects and inertia effects by plotting 
vs . This is shown in Figure 7. Again it is observed 
that three data bands are generally defined. Thus, the data 
plots of Figure 4» Figure 6, and Figure 7 suggest that if the 
ratio of the compressibility forces is a factor then there 
must be anothru* , / ctor In addition to the ratios of the in­
ertia forces and the viscous forces. 
A logarithmic plot of vs Figure 8, where the 
ratios and are calculated on the basis of the Dinning 
theory, Table 6, Appendix, yields the following correlation 
equation: 
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1; = 
%)z = -<(^)(^)(^r' 
vr = .049 . 
Thus, the Llnning theory says that the variation of 
Vq 
velocities, as indicated by the velocity ratio ^ , is an 
incompressible flow phenomenon. 
HB 
\OOA 
.600 
i  h 
WSAVW I 
11 
450 
o,» 
Figure 1^. Euler no. ratio va Reynolds no. ratio. 
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THE APPLICATION OF THE CRITICAL FLOW CRITERION 
The application of the criterion for critical flow is 
illustrated by two examples of the adiabatic flow of saturat­
ed water. The application cf the criterion to non-adiabatic 
flow is discussed. A curve of critical outlet pressure, PQ, 
vs incipient evaporation pressure, P^, is constructed and 
checked with the data of Benjamin and Miller (2), Llnning 
(15), and Burnell (6). 
Example 1. Find the critical flow outlet pressure, PQ, 
for the adiabatic flow of saturated water in a tube if it 
starts to evaporate at P^ equals 152 psia. 
Because the equation of state for water is presented in 
tabular form, viz, the Steam Tables, a graphical solution is 
indicated. Applying equation 3 to the flow, one obtains in 
a slightly different form, 
^ +hi + ^  = (i-cphf +^.hcj +^. ^  
and for Q equal to 0, 
Assuming that 
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one obtains the following relationship for q: 
** = 091 
Further, one has for an isentropic expansion, 
% = *5l ~ "sf 
and for a constant enthalpy expansion, 
% = hi. - h? 
The solution proceeds by calculating the necessary out­
let quality, Q%i@(,@ggaryf for an isentropic expansion, a 
constant enthalpy expansion, and for the locus of the outlet 
condition, the velocity of the vapor equals the velocity of 
sound. The ^g^gg^y calculations are tabulated in Table 1, 
and the results n^ecessary vs P are plotted in Figure 10. 
First, it is observed that the actual expansion flow 
line lies between the isentropic and constant enthalpy expan­
sion lines. A flow line indicating an actual expansion lying 
below the isentropic expansion would contravene the Second 
Law of Thermodynamics, and a flow line lying above the con­
stant enthalpy expansion would indicate that the fluid veloc­
ities decrease through a pressure drop. For adiabatic flow 
in a constant cross-sectional area duct, this implies that 
the fluid is being compressed. This contradicts the equation 
of state. In order to satisfy the second feature of the 
Table 1. Quality, q, calculations. Example 1. 
P 
psia 
hf hf6 Vhf vg sf sfg srsf 
%iec 
h 
const 
Siec 
s 
const 
vg 
hfq 
v<? 
£<3x776 
Siec 
vv= 
152 331.6 862.7 00000 2.977 .5151 1.053 .0000 .000 .000 1670 918.5 .000 
llj.0 32^.8 868.2 6.790 3.220 .5069 1.068 .0082 .008 .008 1670 924.0 .007 
130 318.8 872.9 12.80 3.455 .4995 1.082 .0156 .015 .0l4 1660 928.1 .014 
120 312.4 877.9 19.17 3.728 .4916 1.096 .0235 .022 .021 1660 933.1 .021 
110 305.7 883.2 25.95 4.049 .4832 1.112 .0319 .029 .029 1650 937.7 .028 
100 298.4 888.8 33.21 4.432 .4740 1.129 .0411 .037 .036 1650 943.3 .035 
90 290.6 894.7 4L.05 4.896 .4641 1.147 .0510 .046 .045 1645 948.9 .043 
80 282.0 901.1 49.59 5.472 .4531 1.168 .0620 .055 .053 l64o 954.9 .052 
70 272.6 907.9 59.00 6.206 .4409 1.191 .0742 .065 .062 1630 961.1 .061 
60 262.1 915.5 69.52 7.175 .4270 1.217 .0881 .076 .073 1628 968.5 .072 
50 250.1 924.0 81.52 8.515 .4110 1.247 .lOlp. .089 .084 1615 975.6 .08k 
1+0 236.0 933.7 95.58 10.50 .3919 1.284 .1232 .102 .096 1600 985.0 .097 
30 218.8 945.3 112.8 13.75 .3680 1.331 .1471 .119 . i n  1590 995.9 .113 
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criterion for critical flow, i.e. the velocity of the vapor 
equals the velocity of sound, the critical outlet pressure, 
P0, must be a pressure in the neighborhood of the intersec­
tion, PQ, of the isentropic expansion curve and the locus of 
the outlet pressures defined approximately by equation 19« 
It is noted that this intersection is not sharply defined; 
and that, furthermore, the intersection does not actually de­
fine the critical outlet pressure. It is defined by the cri­
terion for critical flow as the point on the expansion curve 
where the slope of the curve is equal to the slope of the 
isentropic expansion curve. If the actual expansion curve 
were known, a reasonable guess of the critical outlet pres­
sure, PQ, might be made. But it is not known, and therefore 
a critical outlet pressure is approximated by choosing a PQ 
value a little to the right of the intersection or PQ equal 
to 50. 
Example 2. Find the critical flow outlet pressure, PQ, 
for the adiabatic flow of saturated water in a tube if the 
water starts to evaporate at P^ equal to 21+ psia. 
The Qnecgggary calculations are tabulated in Table 2 
and the results Q^eoeggary V3 P plotted in Figure 11. A 
critical outlet pressure PQ equal to 14 psia Is determined. 
The effect of heat addition is shown by writing equation 
19 in the form 
_ _ ca. +. wl — hf 
sa 
Table 2. Quality, q, calculations. Example 2. 
psia hf hf® bl~hf VS 3f Sf8 Vf \° Vg + 
const const £<3*773 g a 
2K 206.1 953.7 00000 16.94 .3500 1.367 .0000 .000 .000 1580 1004. .000 
22 201.3 956.8 4.810 18.38 .3431 1.381 .0069 .005 .005 1575 1006. .005 
20 196.2 960.1 9.980 20.09 .3356 1.396 .0144 .010 .010 1570 1009. .010 
18 190.6 963.6 15.58 22.17 .3275 1.413 .0225 .016 .016 1560 1012. .015 
16 184.4 967.6 21.72 24.75 .3184 1.431 .0316 .022 .022 1558 1016. .021 
14 177.6 971.9 28.53 28.04 .3083 1.452 .0417 .029 .029 1550 1020. .028 
12 170.0 976.6 36.18 32.40 .2967 1.476 .0533 .037 .036 1545 1024. .035 
10 161.2 982.1 44.97 38.42 .2835 1.504 • 0665 • 046 .044 1535 1029. .044 
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Figure 11. Snegeag^y vs P. Example 2. 
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A specific example of heat addition is given in Table 3 and 
Figure 12. Table 3 gives Q^^gg^y calculations for Example 
1 modified to cover two cases of heat addition, Q equal to $0 
Btu per lb and Q equal to 100 Btu per lb. The results of 
these calculations are shown in Figure 12. The critical out­
let pressures and Pg are estimated by finding the point on 
the Vg equal to (Vg) curves that are tangent to the isen­
tropic expansion curve. It is noted that for increased heat 
addition the critical outlet pressure, P , and the outlet 
quality, q, increase. 
Because the criterion for critical flow is a slope con­
dition, it is exceedingly difficult to apply. In a graphical 
solution drafting errors can cause large errors ir. the de­
termination of critical outlet pressures. A further source 
of error arises in the approximation of the actual expansion 
curve. In view of these difficulties, the following program 
was adopted for the construction of the prediction curve for 
critical outlet pressure for water, PQ vs p^, Figure 14. 
1. Critical outlet pressures, PQ, were determined 
for the incipient evaporation pressures, P^, 
of 10, 21}., 50, 100, 152, 200, and 300 psia using 
the procedure of Examples 1 and 2. 
2. A critical outlet pressure curve was plotted on 
a q-P diagram, Figure 13. 
3. A critical outlet pressure, PQ, vs incipient 
evaporation pressure, P^, curve was plotted, 
Table 3• Quality, q, calculations, non-adiabatic flow. Example 3 
P 
psia 
^nec 
s 
const 
hfg hf ~£if 
v^ 
£<J X 112 
q = 
q + 
b^-hf 
IS*, 
50 
^nec 
vs 
q = 
q, + 
hf-hf 
vcz. 
100 
Siec 
VVs 
152 .000 862.7 00000 918.5 50.00 .055 100.0 .109 
140 .008 868.2 06.79 924.0 56.79 .062 106.8 .116 
130 ,014 872.9 12.80 928.1 62.80 .068 112.8 .122 
120 .021 877.9 19.17 933.1 69.17 .074 119.2 .128 
110 .029 883.2 25.95 937.7 75.95 .081 126.0 .134 
100 .036 888.8 33.21 943.3 83.21 .088 133.2 .142 
90 .045 894-7 41.05 948.9 91.05 .096 141.1 .149 
80 .053 901.1 49.59 954.9 99.59 .104 149.6 .157 
70 .062 907.9 59.00 961.1 109.0 .113 159.0 .165 
60 .073 915.5 69.52 968.5 119.5 .123 169.5 .175 
50 .084 924.0 81.52 975.6 131.5 .135 181.5 .186 
40 .096 933.7 95.58 985.0 145.6 .148 195.6 .199 
30 .111 945.3 112.8 995.9 162.8 .163 212.8 .214 
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Figure 12. \eQeBaBrj vs P. Non-adiabatic flow. 
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Figure 14. 
4» The values of critical outlet pressures were 
adjusted until both the curves of Figure 13 
and Figure 14 were faired. 
Figure 13 shows the data of Benjamin and Miller, Llnning 
and Burnell plotted on a PQ vs diagram. Although the data 
are generally for the lower pressures the prediction curve, 
PQ VS P of Figure 14 is defined. 
i*'--: 
1 5  
p-
F3 (F^SIA) 
Figure 13. q vs P. Constant s expansions. 
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DETERMINATION OF MASS FLOW RATES FOR CRITICAL FLOW 
The criterion for critical flow yields a critical out­
let pressure. It states that the velocity of the vapor is 
equal to the velocity of sound in the vapor at the outlet 
conditions. For single-phase flow the critical flow rate 
can then be obtained directly from the continuity equation. 
This, however, is not true for two-phase flow because of the 
unknown area factor, B, involved in the continuity equations 
written for the liquid and vapor phases, equations 1 and 2. 
Thus, some information about B must be obtained before mass 
flows can be calculated. 
The continuity equations 
vc = <= ( , -q j  
V i = fO~ç- ^ 
8114 V<, = F 
> (l- ba ) 
may be used to eliminate Vf, V^, and G from equation 7, 
Pi
-~ + (l- ^ vp-vif] ^ 
to obtain 
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For a critical flow the only unknowns involved in equa­
tion 21 are the area factor, B, and the wall shear stress 
terra, 
£ — vff1-
nq. d • 
It may be concluded, then, that the factor B must be inti­
mately associated with the wall shear stress term. 
The data of Burnell (6) and Benjamin and Miller (2) 
were used to calculate values of the dimensionless modulus, 
L (  -iifn 
o V M-=j)a . 
These calculations are displayed in Table I4.. Figure 16 shows 
a plot of (1-B)Q vs d\JJL<])0 • Although the data are limited, 
they appear to correlate and indicate trends. It is observed 
that the curve for all values of d(jIo)0 must lie below (1-b) 
equal to 1. For values of dv-^'o below 20,000 the curve has 
two branches, a lower branch for steel pipe and an upper 
branch for brass tubing. These branches appear to join at an 
q(jZZ^)0 value of approximately 20,000. The curve is for 
water and would probably be shifted for another fluid. 
Figures 13 and 16 completely define an approximate solu­
tion for the critical flow of water. Outlet pressures, PQ, 
and qualities, q, are read from Figure 13 using incipient 
evaporation pressure, P^, as an entry. A value of the dimen­
sionless modulus, jZq) * *s calculated using the value of 
JL( 
PQ determined from Figure 13. This value of jZ^)0 is used 
jl {m$\ 
Table 4» Calculations for the dimensionless modulus, DV>u.^/0 
Number Number 
Table 
5 
Source Line 
Size 
in. 
Length 
ft 
Ma­
terial 
JL 
CD 
Table 
5 
-L(ë*\ 
D 
(1-B) 
Table 
5 
1 16 Burnell .529 ID 5 SPa Brass 113.4 21.6 2449.4 .1758 
2 17 11 it 5 it 11 113.4 24.5 2789.6 .1388 
3 18 » it 5 it » 113.4 32.2 3651.5 .2101 
4 19 it » 20 it 11 453.7 28.6 12973.0 .2625 
5 20 » .901+ ID 20 11 11 265.5 26.4 7009.2 .2153 
6 21 11 it 24 » V. 11 318.6 27.0 8602.2 .2016 
7 22 11 it 4-5 EL 11 597.3 30.0 1791.9 .2647 
8 23 11 1.5 ID 82 SP Steel 656.0 17.8 11676.8 .2239 
9 25 Benjamin 4.03 ID 1+8.9 EL it 145.8 17.3 2522.3 .0733 
10 26 and 11 58 it 11 172.9 20.0 3458.0 .1158 
Miller 
11 31 11 it 90.3 it 11 269.0 18.8 5057.2 .1086 
12 32 it it 58 it 11 172.9 22.5 3890.0 .1220 
13 33 it 11 58 it 11 172.9 24.3 4201.5 .1127 
14 34 it it 58 it 11 172.9 29.0 5014.1 .1402 
1? 35 it 11 48.9 11 it 145.8 18.5 2697.3 .0776 
16 36 it it 48.9 11 11 145.8 19.9 2901.4 .0809 
17 37 it 11 48.9 11 11 145.8 21.8 3178.4 .0934 
^Straight pipe. 
^Equivalent length. 
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Figure 16. (1-B), vs 5 
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to obtain (1-B)Q from Figure 16. Thus, the critical mass 
velocity, ^pitical' obtained from the continuity equation, 
<3 = v^o 
^«3 nr^0 •> 
/ ck 9 ^9 p)o ^  
and the critical mass rate of flow is 
cr1t — a c2rit 
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DISCUSSION 
The application of the criterion for critical two-
phase flow yields a critical outlet pressure in terms of an 
incipient evaporation pressure. The criterion results from 
a Second Law of Thermodynamics analysis of the flow and is 
valid for all fluids, all line configurations, all pressures 
in the mixture region, and all modes of two-phase flow. The 
criterion can be applied to all two-phase flows and is sub­
ject only to the limitations imposed by the assumptions used 
in its derivation. These are: 
1. The flow of both phases is steady. 
2. The liquid and vapor phases are separated 
and continuous. 
3. The flow is in thermodynamic equilibrium. 
if.. The one-dimensional flow approach is valid. 
£. The vapor phase is thermally insulated from 
the environment. 
If a table of thermodynamic properties is available for 
the fluid, a critical outlet pressure vs incipient evaporation 
pressure curve can be constructed for the fluid. However, 
because the criterion yields a slope condition, it is diffi­
cult to apply accurately; and the construction should be 
checked with experimental data. Tho construction of the 
curve is facilitated by ignoring the change in kinetic energy 
of the liquid phase with little loss of accuracy. The cri-
7k 
terion and the associated critical outlet pressure curve 
construction are valid for all adiabatic flows and those non-
adiabatic flows where the vapor phase is thermally Insulated 
from the environment. 
The derivation of continuity equations, momentum equa­
tions, and steady-flow energy equations for the two phases 
of the flow reveals that there are only six independent 
equations but seven basic variables that are unknown, P, V , 
B, q, W, and P. Thus, a complete analytical solution 
is not possible using only the simple one-dimensional flow 
approach. In order to resolve this difficulty, it is neces­
sary to obtain additional information about the flow. 
The flow for critical conditions is completely defined 
if some information about the area factor, B equals , is 
known. An inspection of equation 21 indicates that the area 
factor must be intimately associated with the wall shear 
p JL Vr" 
stress factor, ^-g:, ^  . Since the total pressure drop is 
fixed by the criterion for critical flow, and since experi­
ment has shown the change in momentum of the liquid to be 
relatively small, Table the wall shear stress factor is 
seen to be a function of the intensity of the thrust acting 
on the liquid-vapor interface, i.e. thrust per unit length 
or thrust per unit interface area. Thus, any correlation of 
O 
experimental data for two-phase flow must include an fac­
tor. Figure 16 shows a correlation of (1-B)Q vs ^ (%Lg)o 
for water based on the data of Burnell (6) and Benjamin and 
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Miller (2). The correlation indicates that where the in­
tensity of thrust is high the relative roughness of the pipe 
wall is significant. 
The analysis indicates that fundamentally the higher 
pressure drops associated with two-phase flows are due to 
the expansion of the vapor and resultant thrust acting on 
the liquid-vapor interface and not due primarily to the re­
duction of area for liquid flow or to the drag force of the 
vapor acting on the liquid as is generally believed. The 
drag force on the liquid-vapor interface is a component of 
the thrust. It is observed that if the thrust is distrib­
uted over a large liquid-vapor interface area, i.e. if a 
Ô 
large ^ is involved, the pressure drop per foot of pipe 
line must be relatively small because the maximum total pres­
sure drop is fixed by the criterion for critical flow. 
For critical flow in short pipes the wall shear stress 
is large. For critical flow in long pipes the wall shear 
stress is small. An intuitive argument of how this actually 
takes place is illustrated in Figure 17. Figure 17 is a 
schematic drawing of a two-phase annular flow. The vapor 
phase is flowing in the center of the pipe, and the liquid 
phase is flowing along the pipe wall. For a critical flow 
Pi and PQ are fixed by the criterion for critical flow for all 
pipe lengths, JL. The thrust, F, is given by equation 9, 
= (l-6)dP 4 ^ -d^(V<3-Vf) . 
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Figure 17. Schematic drawing showing action of thrust 
on liquid-vapor interface 
It is noted that F is not directly dependent on JL . If the 
thrust, F, is distributed over a small liquid-vapor interface 
area, the intensity of the force acting on the liquid is 
large and tends to roll the liquid back. This increases the 
turbulence of the liquid at the pipe wall, and the wall shear 
stress is large. On the other hand, if the thrust, F, is 
distributed over a large liquid-vapor interface area, the 
converse is true. The liquid is not rolled back, the turbu­
lence of the liquid at the pipe wall is not increased, and 
the wall shear stress is small. 
Figures 13 and 16, the continuity equation for the vapor 
phase, and the definition of the sonic velocity in a gas com­
pletely define the two-phase critical flow of water for 
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_a_ 
pressures from 8 to 152 psia and — ratios from 100 to 
650 for brass tubes and steel pipes. If an outlet pressure 
larger than the critical outlet pressure is known for an 
adiabatic flow of water, the outlet quality, q, can be read 
from Figure 13 and the outlet vapor velocity, V , approxi­
mated using equation 19. In order to find the mass rate of 
flow, however, some information concerning (1-B) is needed. 
This information is not presently available. 
The complete solution of the two-phase flow a liquid 
and its vapor requires additional information. Because the 
information required concerns the wall shear stress or wall 
friction and the area factor, B, which has been shown to be 
intimately associated with the wall shear stress, it appears 
that this information must take the form of experimental 
data. More data at critical and subcritical flows for vari­
ous fluids are needed to develop a better area factor corre­
lation. Figure 13 indicates one possible area factor cor­
relation for critical flow. This correlation is based on 
the assumption that only the viscous forces are significant. 
Figures 6 and 7 suggest that other factors may be signifi­
cant. 
An experimental investigation of how the vapor velocity 
varies with pressure drop is needed. In addition, incipient 
evaporation pressure-critical outlet pressure data are needed 
to check the construction of critical outlet pressure curves 
for various fluids. There is available a considerable body 
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of data for mixed fluids, air-water for example. However, 
since thermodynamic property tables are not generally avail­
able for these mixed fluids, the data are of limited value 
for a study of two-phase flow if the vapor phase is consid­
ered to be compressible. 
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Table 5» Calculation of dimensionless moduli at pipe 
outlet for critical flow. 
Number Source Line 
Size 
in. 
Mass 
Velocity 
„ 2lb/ ft -sec 
pi 
psia 
po 
psia 
vfi 
ft3/ 
lb 
1 Dinning .128 ID 278 25.2 14.7 .0169 
2 n n 369 24.5 16.5 .0169 
3 it it 412 28.1 17.9 .0170 
4 H H 485 22.5 17*8 .0169 
5 H H 266.5 22.8 14.7 .0169 
6 » it 282 23.0 14.7 .0169 
7 » » 333.5 22.2 15.3 .0169 
8 » ii 469 24.1 18.6 .0169 
9 » it 384 29.8 18.2 .0170 
10 H ii 397 23.6 17.0 .0169 
11 n » 410 20.8 16.2 .0168 
12 » it 429 25.2 17.9 .0169 
13 » .060 ID 280 51.6 20.8 .0173 
14 n it 337 67.0 26.4 .0175 
15 n it 414 51.6 26.4 .0173 
16 Burne11 .529 ID 410 24.0 14.8 .0169 
17 ii it 353 14.3 10.2 .0167 
18 ii ii 190 8.8 5.1 .0166 
19 n ii 225 14.3 7.0 .0167 
20 n .904 ID 313 14.3 8.7 .0167 
21 ii it 260 14.3 8.35 .0167 
22 H it 175 14.3 6.2 .0167 
23 II 1.50 ID 500 52.4 25.4 .0173 
24 Benjamin 4.03 ID 158 152.0 47.2 .0181 
25 and Miller II 286 42.8 27.3 .0172 
26 ii II 206 37.0 18.2 .0171 
27 n II 216 37.9 19.3 .0171 
28 ii 6.07 ID 149 13.0 10.4 .0167 
29 ii II 38.4 11.3 4.1 .0166 
30 ii 11 65.2 7.2 4.6 .0165 
31 ii 4.03 ID 251 41.4 22.0 .0172 
32 ii It 148 29.8 13.2 .0170 
33 n II 116 23.9 10.6 .0169 
34 H II 82.5 18.2 6.7 .0168 
3? it II 239 38.2 23.0 .0171 
36 ii II 198 32.5 18.8 .0170 
37 it II 157 27.4 14.5 .0170 
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Table 5» (Continued) 
Number Vf0 
Y  
ko hfO hfgo 
ft3/ ft3/ ft5/ Btu/ Btu/ Btu/ 
lb lb lb lb lb lb 
1 .0167 16.19 26.80 1.319 208.9 180.1 970.3 
2 .0168 18.08 24.01 1.318 207.3 186.1 966.5 
3 .0168 14*59 22.33 1.318 215.1 190.2 963.9 
4 .0168 18.02 22.54 1.318 202.5 189.6 964.2 
5 .0167 17.78 26.80 1.319 203.3 180.1 970.3 
6 .0167 17.66 26.80 1.319 203.7 180.1 970.3 
7 .0167 18.24 25.83 1.319 201.8 182.1 969.0 
8 .0168 16.89 21.55 1.318 206.3 192.2 962.6 
9 .0168 13.82 21.94 1.318 218.5 191.2 963.3 
10 .0168 117.18 23.37 1.318 205.3 187.6 965.5 
11 .0167 19.38 24.45 1.318 198.2 185.1 967.2 
12 .0168 16.16 22.33 1.318 208.9 190.2 963.9 
13 .0168 8.27 19.38 1.318 252.1 198.2 958.8 
14 .0170 6.47 15.52 1.317 269.6 211.4 950.2 
15 .0170 8.27 15.52 1.317 252.1 211.4 950.2 
16 .0167 16.94 26.64 1.319 206.1 180.4 970.1 
17 .0166 27.52 37.76 1.321 178.7 162.1 981.5 
18 .0164 43.33 72.26 1.322 155.2 130.9 1001.0 
19 .0165 27.52 53.64 1.321 179.1 144.8 992.1 
20 .0166 27.52 43.80 1.321 179.1 154.6 986.2 
21 .0165 27.52 45.51 1.321 179.1 152.7 987.3 
22 .0165 27.52 60.19 1.321 179.1 139.4 995.4 
23 .0169 8.15 16.07 1.317 253.1 209.3 951.1 
24 .0172 2.98 8.99 1.314 331.6 246.4 926.5 
25 .0170 9.85 15.02 1.317 240.2 213.4 948.9 
26 .0168 11.29 21.95 1.318 231.3 191.1 963.3 
27 .0168 11.04 20.78 1.318 232.7 194.2 961.4 
28 .0166 30.06 37.11 1.321 173.9 163.0 982.0 
29 .0164 34.32 88.73 1.322 167.0 121.8 1005.8 
30 .0164 52.30 89.63 1.322 146.0 126.6 1003.0 
31 .0169 10.17 18.38 1.318 238.2 201.3 956.8 
32 .0167 13.83 29.66 1.319 218.4 174.7 973.8 
33 .0166 17.01 36.45 1.320 205.9 163.9 980.4 
34 .0165 21.95 55.96 1.321 191.1 142.8 993.3 
35 .0169 10.96 17.63 1.318 233.2 203.8 955.2 
36 .0168 12.76 21.30 1.318 223.5 192.8 962.2 
37 .0167 14.97 27.15 1.319 213.6 179.4 970.8 
Table 5. (Continued) 
ïïûm&SF 7" <Vs }g 3} 9-= 
Btu/ "*>o^  te -
lb ft/sec Btu/lb gq"T 
1 21.7 28.8 15^2 1+8.1 1018.k .028 .972 
2 20.8 21.2 1556 1+8.3 1011+.8 .021 .979 
3 20.1 24.9 1563 i+8.8 1012.7 .025 .975 
20.1 12.9 1566 48.9 1013.1 .013 .987 
21.7 23.2 1552 48.1 1018.4 . 023 . 977 i 
6 21.7 23.6 1552 48.1 1018.4 .023 .977 
7 21.2 19.7 1555 48.2 1017.2 .019 .981 
8 20.0 14.1 1565 48.9 1011.7 . 014 .986 
9 20.1 27.3 1562 1+8.7 1012.0 .027 .973 
10 20.6 17.7 1558 48.5 1014.0 .017 .983 
$ 
11 21.0 13.1 1556 48.3 1015.5 .013 .987 
12 20.2 18.7 1563 48.8 1012.7 .018 .982 
13 19.1 53.9 1570 49.2 1 008.0 . 053 . 947 
17.7 58.2 1582 1+9.9 1000.1 .058 .942 
17.7 40.7 1582 1+9.9 1000.1 .01+1 .959 
16 21.6 25.7 1553 48.1 1013.2 . 025 . 975 
17 24.6 16.6 1536 47.1 1028.6 .016 .984 
18 32.2 24.3 1503 45.1 1046.1 .023 . 977 
19 28.6 34.3 1517 45.9 1038.0 .033 .967 
20 26.4 24.5 1528 1+6.6 1032.8 . 024 . 976 
21 27.0 26.4 1526 1+6.5 1033.8 .026 .974 
22 3 0.0 39.7 1512 45.6 1041.0 . 038 . 962 
23 17.8 43.8 1579 49.7 1000.8 . 01+4 . 956 
24 14.3 85.2 1608 51.6 978.1 .087 .913 
25 17.3 26.8 1582 50.0 998.9 .027 .973 
26 20.0 40.2 1562 48.7 1012.0 .040 .960 
27 19.8 3 8.5 1566 1+8.9 1010.3 . 038 . 962 
28 24.5 10.9 1538 47.2 1029.2 .011 .989 
29 35.1 45.2 1493 44.5 1050.3 .01*3 .9 57 
30 33.5 19.4 1590 50.4 1053.4 . 018 . 982 
31 18.8 36.9 1572 49.3 1006.1 .037 .963 
32 22.5 43.7 151+7 47.8 1021.6 . 01+3 . 957 
33 24.3 42.0 1538 47.2 1027.6 .041 .959 
34 29.0 48.3 1515 45.8 1039.1 .01+6 .954 
35 18.5 29.4 1574 49.5 1004.7 .029 .971 
36 19.9 30.7 1564 48.8 1011.0 .030 .970 
37 21.8 34.2 1552 48.1 1018.9 .034 .966 
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Table 5. (Continued) 
Number v nG \-e> 1-B X B 1-q 
6° "% (1-B)* "B 
- /l?qc»c 
x vgo 
ï 7.450 4.800 .1344. .3666 . 866 1.122 
2 8.860 5.694- .1196 .3458 .811 1.207 
3 9.200 5.886 .14-72 .3837 .853 1.143 
10.932 6.981 .0908 .3013 .909 1.086 
7.142 4-602 .1058 .3253 .894 1.093 * 
6 7.558 l.870 .1120 .3347 .888 1.100 
7 8.614 5.540 .1053 .3245 .895 1.096 
8 10.107 6.458 .0904 .3007 .910 1.084. 
9 8.425 5.394 .1456 .3816 .854 1.139 
10 9.278 5.955 .1j12 .3181 .899 1.093 
11 10.025 6.443 .0838 .2895 .916 1.077 
12 9.580 6.129 .1103 .3321 .890 1.103 
13 5.426 3.456 .1832 .4280 .817 1.159 
5.230 3.306 .1917 .4378 .808 1.166 
6.425 4.061 .1665 .4080 .834 1.150 $ 
16 10.922 7.033 .1758 .4193 .824 1.183 
17 13.329 8.678 .1388 .3726 .861 1.143 
18 13.729 9.134 .2101 .4584 .790 1.237 
19 12.069 7.956 .2625 .5124 .738 1.310 
20 13.709 8.972 .2153 .4640 .785 1.243 
21 11.833 7.754 .2016 .l490 .798 1.220 
22 10.533 6.966 .264.7 .5145 .735 1.309 
23 8.035 5.089 .2239 .4732 .776 1.232 
24 1.420 .088 .0768 .2771 .923 .989 
25 4.296 2.716 .0733 .2707 .927 1.050 
26 4.522 2.895 .1158 .3403 .884 1.086 
27 4.488 2.866 .1089 .3300 .891 1.080 
28 5.529 3.595 .0395 .1987 .961 1.029 
29 3.407 2.282 .0981 3.32 .902 1.061 
30 5.844 3.675 .0662 .2573 .934 1.051 
31 4.613 2.934 .1086 .3295 .891 1.081 
32 4.390 2.838 .1220 .3493 .878 1.090 
33 4.228 2.749 .1127 .3357 .887 1.081 
34 4.617 3.048 .14-02 .3744 .860 1.109 
35 4.214 2.677 .0776 .2786 .922 1.053 
36 4.217 2.696 .0809 .2844. .919 1.055 
37 4.262 2.746 . 0934 .3056 . 907 1.065 
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Table 5. (Continued) 
Number Vf0G vf<=> !go vf0 
Vg0 
x 10-^3 
< V f  
fpa 
%-
Wj&sti 
1 4.643 5.209 297.9 .6231 5080 .21+83 
2 6.199 7.1+82 208.0 .6997 11 .3304 
3 6.922 7.912 197.5 .7521+ » .3349 
4 8.1L8 8.81+9 177.0 .71+53 11 .3772 
5 4.451 1+.865 319.0 .6231 it .2318 
6 4.709 5.180 299.6 .6231 11 .21+69 
7 5.569 6.10k 254.8 .61+65 it .2863 
8 7.879 8.541 183.2 .7796 M .3501 
9 6.1+51 7.348 212.6 .7657 II .3056 
10 6.670 7.290 213.7 • 7189 It .3160 
11 6.81+7 7.371+ 211.0 .6830 II .3305 
12 7.207 7.949 196.6 .7524- II .3346 
13 4.7o4 5.452 288.0 .8669 It .2097 
14 5.729 6.680 236.8 1.095 II .2179 
1? 7.038 8.094 195.5 1.095 II .2639 
16 6.81+7 8.100 191.7 .6269 II .3853 
17 5.860 6.698 229.3 .4396 It .4034 
18 3.116 3.854 390.0 .2270 II .3508 
19 3.713 1+. 864 311.9 .3076 II .3643 
20 5.196 6.1+59 236.6 .3790 II .4222 
21 4.290 5.234 291.6 .3626 II " .3503 
22 2.888 3.780 4-00.0 .2741 II .3041 
23 8.1+50 10.1+10 151.7 1.052 II .3519 
24 2.718 2.688 598.2 1.913 It .0611 
25 4.862 5.105 309.9 1.132 II .161+8 
26 3.461 3.759 415.5 .7654 It .1572 
27 3.629 3.919 399.6 .8085 it .1563 
28 2.1+73 2.545 60k.3 .4473 It .1510 
29 .630 .668 2235.0 .184-8 II .0689 
30 1.069 1.121+ 1414.6 .1830 II .1153 
31 4*21+2 1+.586 342.8 .9195 II .1687 
32 2.1+72 2.694 5/4.2 .5630 II .1375 
33 1.926 2.082 738.7 .4554 II .1223 
34 1.361 1.509 1001+.0 .2949 It .1165 
35 4.039 4.253 370.1 .9586 It .1521}. 
36 3.326 3.509 445.7 .7887 II .1429 
37 2.622 2.792 555.9 .6151 II .1341 
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Table 5« (Continued) 
Œ ht er~ 
j-1%, % 4 
<l"" "> 'w '«31 
îtH P„:I? 
Z_ 
1 .6773 
2 .9555 
3 .8728 
4 1.2519 
5 .7126 
6 .73 77 
7 .8823 
8 1.1643 
9 .8008 
10 .9934 
11 1.1416 
12 1.0075 
13 .4900 
14- .4977 
15 .64.68 
16 .9189 
17 1.0827 
18 .7653 
19 .7110 
20 .9099 
21 .7802 
22 .5911 
23 .7437 
24 .2205 
25 .6088 
26 .4619 
27 .4736 
28 .7599 
29 .2200 
30 .4481 
31 .5120 
32 .3936 
33 .3643 
34 .3112 
35 .5470 
36 .5025 
37 .43 88 
3-557 29.35 
if, !i:g 
1.020 55.93 
5-502 la.97 
2~'68l 26.16 
pu 
2-073 71.90 
2-315 61.ko 
3-593 41.85 
J-594 23.04 
x,3l9 23.11 
'?587 34*53 
_ «9575 29.92 
x'27l 21.22 
-«030 30.83 
_ '744a 43.86 
2 '049 24.21 
„ .5291 684.5 
1 «0O5 108.7 
"7400 132.1 
-7715 129.1 
«5010 163.3 
-1315 923.1 
-2213 366.-2 
•9028 108.5 
-5303 185.6 
«4098 248.5 
•2970 297.3 
-8372 131.3 
-&907 156.7 
•5496 190.1 
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Table 6. Calculation of dimensionless moduli at pipe 
outlet for critical flow. Linning theory. 
Number 
Table 
5 
vf 
fps 
g 
fps 
Jf rf % 
warn %($-
•* 
1 30.5 256 
2 29 235 
3 35 301 
4 26 197 
5 32 186 
6 32 22k 
7 29.5 210 
8 27.5 203 
8.393 70.141-
8.103 65.66 
8.600 73.96 
7.577 57.1p. 
5.813 33.79 
7.000 1+9.00 
7.119 50.68 
7.382 51+. 49 
1.050 43.89 
1.047 45.94 
.894 55.65 
1.163 42.79 
2.1,89 21.05 
1.509 30.53 
1.439 32.76 
1.177 42.48 
